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Abstract. We compute the asymptotic metrics for moduli spaces of SU(N) monopolcs 
with maximal symmetry breaking. These metrics are exponentially close to the exact 
monopole metric 1 as soon as, for each simple root, the individual monopoles corre- 
sponding to that root are well separated. We also show that the estimates can be 
differentiated term by term in natural coordinates, which is a new result even for 
SU(2) monopolcs. 



1. Introduction 

It has been known since the work of Taubes ||| that an (2)-monopole of charge m 
with well-separated zeros of the Higgs field approximates a collection of m monopoles of 
charge 1. This fact is reflected in the asymptotic behaviour of the natural hyper kahler 
metric on the moduli space M m of charge m monopoles. Namely, in the asymptotic region 
of M m , the monopole metric is exponentially close to another hyperkahler metric, whose 
geodesies determine scattering of m particles with electric, magnetic and scalar charges. 
This metric was found by Gibbons and Manton in |HJ and a proof that it differs from the 
exact monopole metric by an exponentially small amount was given in j3). For m = 2, 
the Gibbons-Manton metric is just the product of a flat metric and the Taub-NUT metric 
with a negative mass parameter. 

Monopoles exist for any compact Lie group and Taubes' estimates work equally well for 
SU (iV)-monopoles with maximal symmetry breaking, that is monopoles whose Higgs field 
has distinct eigenvalues at infinity. This time a moduli space M JTtli- .. imw ._ 1 (/ii, . . . ,/xjv), 
where m, are positive integers and fx% < ■ ■ ■ < /Ltjv, is obtained by identifying gauge- 
equivalent framed monopoles whose Higgs field at infinity defines a map from the 2- 
sphere to the adjoint orbit O of diag(i^i, . . . , z/zjv) and whose degree is (mi, . . . , rriN-i) G 
£[2(0, Z). We should think of particles making up the monopole as coming in TV — 1 
distinguishable types, with rrii being the number of particles of type i. 

In this paper we shall compute the asymptotic metric on -M mij ... jmjvl (/ii, . . . , /ijv) 0- 
This metric turns out to be a hybrid between the Gibbons-Manton metric and the metric 
on the moduli space of monopoles of charge (1, 1, . . . , 1) which was computed in [u| . 

Particles of the same type interact as in the Gibbons-Manton metric while the particles of 
different types as in the (1,1,..., l)-metric (i.e. neighboring types interact as in the Taub- 
NUT metric with a positive mass parameter and non- neighboring types do not interact) . 
The precise formula for the asymptotic metric is given in the next section. Somewhat 
surprisingly, the monopole metric on M mu ... imN _ 1 (/ii, . . . , fijsr) is exponentially close to 
the asymptotic metric as soon as, for each i, particles of type i are far apart. Particles of 



1 Strictly speaking, we only show that our asymptotic metric is close to the metric on the moduli space 
of solutions to Nahm's equations. Thus we can conclude th at th e geodesies of the monopole metric and 



of the asymptotic metric are close to each other (see Remark 3.5). The metrics themselves are close if the 
Nahm transform for SU (N )-monopoles, TV > 2, is an isometry. 
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different types can be as close to each other as we wish (in fact sometimes they can have 
the same position). Moreover, as we observe in section |[ if particles of a single type, say 
i, are far apart, then the monopole metric is likely to be exponentially close to yet another 
hyperkahler metric. This metric is simpler than the monopole metric, but still given by 
transcendental functions. It is only when the particles of each type are far apart, that the 
asymptotic metric becomes algebraic and we are able to compute it explicitly. 

The proof uses the idea of our previous work ||, i.e. replacing solutions to Nahm's 
equations corresponding to monopoles with solutions defined on half-line. This gives a 
new moduli space whose metric is then computed by twistor methods. The main novelty 
is the way the metrics are compared. We prove (in Appendix B) a general theorem which 
allows us to deduce the estimates on all derivatives of components (in natural coordinates) 
of the difference of metric tensors from one-sided estimates on the metric tensors. Such 
a deduction is possible for two hyperkahler metrics which are related via a complex- 
symplectic isomorphism providing that one of the metrics admits holomorphic coordinates 
in which the complex-symplectic form is standard and in which the components of the 
metric tensor are uniformly bounded. 

The paper is organized as follows. In the next section we collect some facts about 
T m -invariant hyperkahler metrics in dimension Am of which our asymptotic metric is an 
example. In section || we recall the description, due to Nahm 1 30 and to Hurtubise and 
Murray ^2|, of S'[/(A^)-monopoles in terms of Nahm's equations. We also define there 
the moduli space of solutions to Nahm's equations whose metric will be the asymptotic 
metric. This moduli space is a hyperkahler quotient of the product of several simpler 
moduli spaces, and in the following four sections we compute the metrics on these. In 
section || we discuss the topology of these moduli spaces. Finally, in section || we put 
the results together to obtain an explicit formula for the asymptotic metric (Theorem 



9.1). We also prove there that the rate of approximation is exponential (Theorem |9.2| 



and discuss the topology of the asymptotic moduli space. The appendix A deals with 
the question of identifying certain hyperkahler quotients with corresponding complex- 
symplectic quotients which is needed in section ||. In appendix B we prove the above- 
mentioned comparison theorem for Ricci-flat Kahler manifolds. 



2. Hyperkahler quotients and T™-invariant hyperkahler metrics 

The Gibbons-Manton metric Jl5|, [l6) is an example of a 4m-dimensional (pseudo)- 
hyperkahler metric admitting a tri-Hamiltonian (hence isometric) action of the n-dimensional 
torus T m . Such metrics have particularly nice properties and were studied by several au- 
thors [^7], . On the set where the action of T m is free such a metric can be locally 
written in the form: 

g = <S>dx-dx + <p- 1 (di + A) 2 , (2.1) 

where x is the hyperkahler moment map, dt is dual to the (m x l)-matrix of Killing vector 
fields and the matrix $ and the 1-form A depend only on the and satisfy certain linear 
PDE's. In particular, $ determines the metric up to a gauge equivalence. The set where 
the T m -action is free can be viewed as a T m -bundle over an open subset of R 3m . For 
the Gibbons-Manton metric this open subset is the configuration space of C7 m (R 3 ) of m 
distinct points in R 3 (i.e. R 3m without the generalized diagonal) and 
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Here v is the mass parameter. We can, in particular, take ^ = 00 and m = 2. Then 
the linearity of the equations for $ and A implies that, for any mapping 1— > 

of {1, . . . , m} x {1, . . . , m} such that sy = Sji and su = for i, j — 1, . . . , m, and for 
any constants Cj, i = 1, ... ,771, the following matrix $ defines a T m -invariant (pseudo)- 
hyperkahler metric: 

— ii 1 — II if * # 7- 

The asymptotic metric on M 77ll) ,„ imjv _ 1 (/ii, . . . , /J/v) will turn out to be of this form. 
Namely m — mi + • • ■ + m^-i and, if we define the type t{i) of an z < m by t(i) = 
min{fc; i < X) s <fc m «}' tnen 

Cj = ^fe+i - [ik if = A; (2.4) 



and 




if t(») = «(,') 

if|t(i)-t(j)| = l (2-5) 
otherwise. 



3. Moduli spaces of solutions to Nahm's equations 

We shall define in this section several moduli spaces of solutions to Nahm's equations. 
All of these spaces carry hyperkahler metrics. In particular, we shall recall, after Nahm |30| 
and Hurtubise and Murray [p2| , the description of the moduli spaces of SU (N) monopoles 
with maximal symmetry breaking in terms of solutions to Nahm's equations. We shall 
also describe the asymptotic moduli spaces. We remark that from the point of view of 
hyperkahler geometry many interesting metrics are obtained by replacing below the uni- 
tary group with an arbitrary compact Lie group. Such a generalization is straightforward, 
but, as our focus is on monopoles, we shall restrict ourselves to the unitary case. 

Nahm's equations are the following ODE's: 

t i + [T Q ,T i } + ^ e ijk [T j ,T k }=0, i = l,2,3. (3.1) 

j,k=l,2,3 

The functions To,T\,T2,T^ are defined on some interval and are skew-hermitian and an- 
alytic. If the rank of the Tj is n, then the space of solutions is acted upon by the gauge 
group Q of [/(n)-valued functions g(t): 

T h-> Ad(.g)T - gg^ 1 

% ^ Ad( 5 )T 4 , i= 1,2,3. (3.2) 

We define fundamental moduli spaces of u(n)-valued solutions F n {m; c) and F n {m; c). Here 
m is a nonnegative integer less than or equal to n and c is a positive real number (c can 
be negative or zero for F n (m;c)). The moduli spaces F n (m;c) correspond to monopoles 
with minimal symmetry breaking and are the basic building blocks from which all moduli 
spaces of framed SU (N )-monopoles with maximal symmetry breaking can be obtained 
by means of the hyperkahler quotient construction. The spaces F n (m;c) play a similar 
role for the asymptotic metrics. They are defined as follows: 

• Solutions in F n (m; c) arc defined on (0, c], while solutions in F n (m; c) arc defined on 
(0,oo]. 
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• For a solution (To, T\, T 2 , T 3 ) in cither F n (m;c) or F n (m;c), T and the m x m 
upper-diagonal blocks of T\, T 2 , T 3 are analytic at t — 0, while the (n — m) x (n — m) 
lower-diagonal blocks have simple poles with residues defining the standard (n — Tri- 
dimensional irreducible representation of su(2). The off-diagonal blocks are of the 
form ft"-™- 1 )/ 2 x [analytic in t). 

• A solution in F n (m; c) is analytic at t = c, while a solution in F n (m; c) approaches a 
diagonal limit at +00 exponentially fast. Furthermore (7\(+oo), X^+oo), T 3 (+oo)) 
is a regular triple, i.e. its centralizer consists of diagonal matrices. 

• The gauge group for F n (m; c) consists of gauge transformations g with g(0) = g(c) = 
1, while the gauge group for F n (m;c) has the Lie algebra consisting of functions 
p : [0, +00) — > u(n) such that 

(i) p(0) = and p has a diagonal limit at +00; 

(ii) (p — p(+oo)) and [t, p] decay exponentially fast for any regular diagonal matrix 
r e u(n); 

(hi) cp(+oo) + lim t _ >+00 (p(t) - fp(+oo)) = 0. 

Remark 3.1. Alternately, the space F n (m;c) can be viewed as the moduli space of solu- 
tions defined on [— c, +00] with the gauge group given by the transformation which are 
exponentially close to exp(ht) for some diagonal h. 

The tangent space at a solution (T , T\, T 2 , T3) can be identified, for both F n (m;c) and 
F n (m: c), with the space of solutions to the following system of linear equations: 

to + [To, to] + [Ti,h] + [T 2 ,t 2 ] + [T 3 ,t 3 ] 
ti + [3b,*i] - [Ti,t ] + [T2M - [T 3 ,h] 
t2 + [T , t 2 ] - [T u t 3 ] - [T2M + [T 3 , ti] 
*3 + [^0, t 3 ] + Pi, t 2 ] - [T 2 , ti] - [T 3 , t ] 

F n (m; c) carries a hyperkahler metric is defined by 

iK*o,*i,* 2 ,*3)ii 2 = /"Eli**" 2 - 

■/o 

while F n (m; c) possesses an indefinite (and possibly degenerate) hyperkahler metric given 
by: 

[\(t ,t 1 ,t2,t 3 )[\ 2 = cY / \\U( + ^)[\ 2 + / ^ (ll*i(«)H 2 - ||^(+00)|| 2 ) 

Ja (3.5) 

The moduli space F n (m;c) has a tri-Hamiltonian action of U{n) x f/(m) given by gauge 
transformations g with arbitrary values at t = c and with g(0) being block-diagonal with 
the off-diagonal blocks equal to and the (n—m) x (n— m) lower-diagonal block being iden- 
tity. Both f/(n) and U(m) act freely. The hyperkahler moment map for the action of U(n) 
is (-Ti(c), -T 2 (c), -T 3 (c)), while the one for the action of f/(m) is tt(Ti(0), T 2 (0), T 3 (0)), 
where 7r denotes the projection onto the m x m upper-diagonal block. 

The moduli space F n (m; c) has a similarly defined free tri-Hamiltonian action of U(m). 
In addition, it has a free tri-Hamiltonian action of the diagonal torus T n < U(n) given by 
gauge transformations which are asymptotic to exp(— th + Xh) for a diagonal h and real 
A. The moment map for this action is (Ti(+oo), T 2 (+oo), T 3 (+oo)). 

We shall now consider hyperkahler quotients of various products of F n (m;c) and 
F n (m; c). We observe that the hyperkahler quotient construction of say, F n (m; c)xF n (l; c') 



0, 
0, 

0, 

0. 



(3.3) 



(3.4) 
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matches solutions (T (t),T 1 (t),T 2 (t),T 3 (t)) mF n (m;c) with (-T (c + c' - 1), -Ti(c + c' - 
t) , -T 2 (c+ c' - t) , -T 3 (c+ c' - i) ) for a (T (t) , 7\ (i) , T 2 (t) , T 3 (t) ) in F n (m; c) . The resulting 
space can be identified with the moduli space of solutions to Nahm's equations on [0, c+c'] 
having appropriate poles at t = and at t = c + c'. We recall that the triple backslash 
denotes hyperkahler quotient (in all our constructions the moment map is canonical and 
we quotient its 0-set). We have basic hyperkahler isomorphisms: 

(F n {m;c)xF n (n;c'))///U{n) ~ F„(m;c + C ') 

(F n (m;c)x F n (n;c'))///U(n) ~ F n (m;c + C '). (3.6) 

The group acts diagonally on the product. In particular all F n (m; c) can be obtained from 
the F n (n; c) and the F n (m; c). 

We now define auxiliary moduli spaces F„ jm (c, c'), f*j iTO (c, c'), F n ^(c,c'), F^,m(c, c'). 
Here n, m are arbitrary positive integers and c, c' are arbitrary positive real numbers. The 
spaces are defined as follows: 

• if n < m, then F n ^ m (c,c') — {F n {n;c) x F m (n;c')) ///U(n). The spaces with a tilde 
over n or m are obtained by replacing the corresponding F with F; 

• if n > m, then F n ^ m (c,c') = [F n {m;c) x F m (m;c'))///U(m) and similarly for the 
other spaces; 

• if n = ra, then F n _ n (c, c') is the hyperkahler quotient of F n (n; c) x F„(n; c') x H™ by 
the diagonal action of U (n) . 

Remark 3.2. Thus these moduli spaces consist of u(m)-valued solutions Tf on [—x, 0) and 
of u(n)-valued solutions on (0,y], where x = c' or — oo and y = c or y = +oo, with 
matching conditions at t = 0: if n > m (resp. n < m), then the limit of the mxm upper- 
diagonal block of Tj + (resp. Tj~) at t = is equal to the limit of T~ (resp. T^); if n = m, 
then there exists a vector (V, W) € C 2 " such that (T+ + iT 3 +)(0+) - (T 2 _ + iT 3 _ )(0_) = 
and T+(0 + ) - Tf(0_) = (|V| 2 - \W\ 2 )/2. The gauge transformations ff (t) satisfy 
similar matching conditions: if n ^ m, then the upper-diagonal mxm block is continuous, 
the lower-diagonal block is identity at t = and the off-diagonal blocks vanish to order 
(n — m — l)/2; if n = m, then g(t) is continuous at t = 0. 

Notice that F n , m {c,c r ) is isomorphic, as a hyperkahler manifold, to F m>n {c',c) and 
similarly for i*k„(c, c'). We can now define the moduli spaces we are really interested in. 
Let us fix an integer TV and consider functions a : {1,... ,N— 1}^ NUN is arbitrary and 
fi : {1, . . . , N} — > R is increasing. We shall denote the second copy of N by N and write 
its elements as 1,2,3,.... We define the moduli space F a (fi) as a hyperkahler quotient of 
F ai (ci) x F a2 (c 2 , c 2 ) x . . . x F rTN _ 1 (c N -i,cf N _ 1 )x F aN (c' N ). Here 

C i C i+1 — A* 

cti, ctat £ NU N and <ii : {1,2} — > NUN for 2 < i < N — 1. Furthermore <ti = cr(l), 
CTi(l) = cr(i), cr 4 (2) = ct(z-I) for 2 < i < AT-1, and a N = a{N-l). Finally F n (c) , F fi (c) 
denote F„(0;c) and F ra (0;c). The group by which we quotient is a product of unitary 
groups and of tori acting on this product space: we take the diagonal action of U(n) on 
F ai (a, c-) x F ai+1 (c i+ i, c- +1 ) (or F ai (a) x F a2 (c 2 , c 2 ) for i = 1 and similarly for i = N- 1) 
if cr(i) = n and the diagonal action of T n if cr(z) = n. 

Remark 3.3. The moduli space F a {^) should be viewed as consisting of solutions to 
Nahm's equations on N — 1 "intervals" i = l,...,Ni with matching conditions at 
the boundary points. If a(i) G N, then li = [fj,(i) , fj,(i + 1)], while if a(i) e N, then 



(i 



ROGER BIELAWSKI 



= +00) U (—00, fi(i + 1)] (see Remark 3.1). The solutions satisfy matching condi 



tions of Remark 3.2 at each \Xi and are continuous at each infinity. The gauge transfor- 



mations satisfy matching conditions of Remark 3.2 at each fXi and are exponentially close 



to exp^i + near ±00 in I iy a(i) € N, for some diagonal matrices hi,Pi. 

A theorem of Hurtubise and Murray |2^| , giving a full proof of the correspondence 
found by Nahm and generalizing the SU(2) case due to Hitchin jl9| can be phrased 
as follows (this formulation uses the connectivity of the moduli space of 5V(iV)-monopoles 
due to Jarvis |p3| ): 

Theorem 3.4. The moduli space M TOl) ... ,m;y-i (Mi> • • • > ^n) of framed SU(N) 
monopoles of charge (mi,... , mjsr-i) an d the symmetry breaking at infinity equal to 
(jix, . . . ,Hn); Mi distinct, is diffeomorphic to the moduli space -F CT (/x) with o~{i) — m, 
and n(i) = □ 

Remark 3.5. It is expected, but at present not known (except for N = 2 jn]), that 
this diffcomorphism is an isometry. Nevertheless, the twistorial character of Hurtubise 
and Murray's construction shows that this diffeomorphism preserves the three complex 
structures and, hence, the Levi-Civita connection. Thus, the geodesies are the same. 

Our aim is to show that the metric on F a {p) with o~(i) = rrii and fi(i) = fii is asymptotic 
to the metric on F^(fx) with a(i) — rhi and = /Uj. We shall first compute the metric 
on F a (/j). 

4. Complex structures on F n (m;c) and F n (n;c) 

All moduli spaces described in the previous section have an isometric action of SU(2) or 
SO(3) rotating the complex structures and therefore all complex structures are equivalent. 
We shall consider the complex structure / and describe the complex coordinates (and the 
complex symplectic form u>2 + ^3) on F n (m; c) and F n (n; c). All other moduli spaces can 
be described as open subsets of complex-symplectic quotients of products of these. 
We set a — To + iT\ and (3 — T2 + iT%. The Nahm equations can be then written as one 
complex and one real equation: 

j t (a + a*) = [a*, a] + {f3*,f3]. (4.2) 
First, we consider F n (m;c) (cf. [gl], ||). 

Let Ei,... ,E n denote the standard basis of C™. There is a unique solution wi of the 
equation 

dw , , . 

- = -a W (4.3) 

with 

lim {t-^- m -^' 2 Wl {t) - E m+1 ) = 0. (4.4) 



Setting Wi(t) — (3 % 1 {t)w\(t) : we obtain a solution to (4.3) with 



lim (V-("- m+1 )/VW - E m+i ) = 0. 



In addition there are solutions iti, . . . , u m to (4.3) whose last n — m components vanish 



to order (n — m + l)/2, and which are linearly independent at t = 0. The complex gauge 
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transformation g(t) with g 1 = (iti, . . . , u m , u>i, . . . , w n - m ) makes a identically zero and 
sends (3(t) to the constant matrix (cf. ]2l[|) 



B = 







. . 


. 


9i 




h 


. . 


. 


9m 


fl 


■ • • fm 


. . 


. 


ei 





... 


1 '• 




e 2 


o 


... 


. . 


1 


Gn—m t 



(4.5) 



/ 

The mapping (a,/3) — > (g(c),B) gives a biholomorphism between (F n (m;c), I) and 
G/(n, C) x g[(m, C) x C" +m [§. The action of GZ(n, C) is given by the right translations, 
and the action of Gl(m,C) is given by p ■ [h, f,g,e,g(c)) — (php -1 , fp~ 1 ,pg,e,pg(c)), 
where for the last term we embedded Gl(m, C) in Gl(n, C) as the m x m upper-diagonal 
block. We can compute the complex symplectic form lo = ll>2 + iu>3. We denote by b,b 
vectors tangent to the space of -B's in ( |4.5| ) and by p, p right-invariant vector fields on 
Gl(n,C). We have @: 



(0»,6),(p,S)) =tr(pb-pb-B[p,p]). 



(4.6) 



Now we consider the complex structure of F n (n; c) . Let n be a unipotent algebra corre- 
sponding to the Cartan algebra of diagonal matrices. We consider the open dense subset 
F(n) of F n (n; c) defined as the set of all solutions (a, (3) — (To + iT\,T% + 1T3) such that 
the intersection of the sum of positive eigenvalues of ad(iTi(+oo)) with with the central- 
izer C(/3(+oo)) is contained in n. We observe that, since (Ti(+oo), T2(+oo), T3(+oo)) is 
a regular triple, the projection of Ti(+oo) onto C(/3(+oo)) is a regular element. Now, 
as in ||, we use results of Biquard pj to deduce that F(n) is biholomorphic to an open 
subset of Gl(n, C) x jv b where N = expn and b = 5 + n, denoting the diagonal matrices. 
Briefly, the element g of Gl(n,C) is given by the value at t = of the complex gauge 
transformation g(t) which makes (0,/3(+oo) + n) into (a, (3). 

The charts F(n) are glued as follows: [g, d + n] ~ [g 1 , d! + n'] if and only if n £ n, n' E n', 
and either n' C n and there exists an m G N such that gmT 1 — g' , Ad(m)(d + n) = d'+tl' 
or vice versa (i.e. n C n' etc.). 

We remark that is an open dense subset biholomorphic to an open subset of 
Gl(n, C) x 5. We shall denote this subset by i^ I I l cs (n;c). If 6^, bd denote vectors tan- 
gent to the space of diagonal matrices and p, p denote this time left-invariant vector fields 
on Gl(n,C), then the form uj is given by fl: 



oj = - tr (b d p - pb d - [p, pjPd) ■ 



(4.7) 



All other moduli spaces F n (m;c) and F a (p) can be viewed as hyperkiihler quotients 
of products of F n (m;c) and F n (n;c). Thus, as complex-symplectic manifolds, they are 
isomorphic to open subsets of complex-symplectic quotients of the corresponding complex- 
symplectic manifolds computed above. The description of the latter quotients is straight- 
forward. Let us remark that Hurtubise showed in |2l| that if a(i) = rrii, i = 1, . . . , N — 1, 
then F a (p) (i.e. the moduli space of 5'L r (iV)-monopoles) is biholomorphic to the space of 
based rational maps from CP 1 to SU(N)/T (maximal torus) of degree (mi, ... ,771/^). 
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5. COMPLEX-SYMPLECTIC STRUCTURE OF Fa y m(c, C 1 ), n> m 

Our aim is to calculate the metric on F lT (fj,) where a(i) = rhi. This space has dimension 
4p = 4(mi + . . . + mjv_i) and admits a tri-Hamiltonian action of T p . By the definition 
of F<j(ijl), it is a hyperkahler quotient, by a torus, of the product spaces F n (0;d) and 
Fn m(c, d). The metric on F n (0; c) was calculated in || - it is the Gibbons-Manton metric 
|iq| with the mass parameter — 1/c. It remains to calculate the metric on Fn^n(c, d). For 
convenience we shall write 

Fn,rn(C: C ) ■ -^fi,m(*o ^ )■ 

The dimension of this space is 4(n + m) and it has a tri-Hamiltonian action of an (n + m)- 
dimensional torus. 

The space F n ^ m (c, d) should be thought as consisting of solutions to Nahm's equations 
on (—00, 0)U(0, 00), which are u(m)-valued on (—00, 0), u(ro)-valued on (0, 00), and satisfy 
appropriate matching conditions at zero. In what follows we shall usually say u F n>m (c, d) 
is biholomorphic to . . . " rather than "F ntm (c, d) is biholomorphic to an open subset of 
. . . " . This never leads to any problems. 

We consider the space F n , m {c,d) for n > m. From its description as a complcx- 
symplectic quotient, F n7 , n (c, d) is given by charts of the form {(&_, (g,b+)} € bx(Gl(n, C)x jv' 



b') such that gb+g^ 1 is of the form (4.5) with h = 6_. Let us consider the chart on which 
b = m and b' = Z>„ (c) m and D n denote m x m and n x n diagonal matrices). Let us 
write the elements of m as diag(/ii, . . . , n m ) and the elements of n as diag(/?i, . . . , (3 n ). 
Let q+(z) = Y\(z — Pi) and q~{z) = ]J(z — Ki). We assume that the roots of both these 
polynomials are distinct and we consider multiplication by z on C[z]/(q+). It is a linear 
operator which, in the basis 

is the diagonal matrix diag(/3i, ... , /3„). On the other hand, in the basis 
-,q_(z),... ,Z n L q-(z), 

ilj^i\ K i K j) 

the multiplication by z is given by a matrix of the form 



Let Z be the matrix transforming the basis (5.1) into (|5.2|). Then any g which sends 




diag(/3i, ... , p n ) to a matrix of the form ( |4.5| ) can be written as 

diag(w 1 " 1 , . . . ,v~ 1 ,l,... ,l)Zdiag(w 1 ,... ,u n ). (5.3) 
We shall now compute Z. We introduce one more basis of C[z]/(q+): 

l,...,z n -\ (5.4) 



The passage from (5.1) to (5.4) is given by V(f3i 7 . . . ,/3„) 1 , where V(fli, . . . ,/?„) is the 
Vandermonde matrix, i.e. its (i, j)-th entry is (/%p . We then compute the passage from 



(5^4) to ( |5.2| ) as given by the matrix 

L 



v K 


w 





H 



(5.5) 



where V K = V(m,... ,K m ), — (Ki) TO+J_1 and iJ is upper-triangular with 
(— ly^^Hi—j, where Hfc denotes the fc-th complete symmetric polynomial in k%, . . . , 
i.e. the sum of all monomials of degree k. 
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Remark 5.1. The factorization Z = LV^ 1 is unique only if /3, =^ Kj for all If, for 
instance, /3i = ki, then the above g sends diag(/3i, . . . ,/3 n ) to a matrix of the form (4.5) 
with g\ = 0. However, there is then another g which makes f\ = 0. 

We calculate the complex symplectic form on F nim (c, c'). The chart where /3, ^ (3j, n r ^ 
K s , Pi 7^ k s for all i,j = 1, . . . , n, i ^ j, r,s= 1, . . . , m, r/s, can be described as con- 
sisting of pairs ((ff_,««j)> (g + ,P d )), where K rf = diag(/ti, . . . ,K m ), /3 rf = diag(/3 1; . . . ,f3 n ), 
g- = V~ x diag(z)i, . . . , v m ), g+ = V t T 1 LVp 1 diag(«i, . . . , u n ). According to the formula 
(4.7), the complex symplectic form in this chart is equal to: 

oj = -tr(kdP- - p-kd- Kd\p-,P-] + bdP+ - P+bd - 0d\p+,P+])- 

Here kd, p~, b d , P+ are dual to, respectively, Kd, (g-)~ 1 dg-,df3d, (g+)~ 1 dg+. 
The first three terms can be computed as in |j| and give 

E dv i . , dni A dnj . . 

— A&,-^ \ (5.6) 

To compute the remaining two terms let us write X — V t T 1 L and Y = V^ 1 diag(ui , . . . , u n ). 
Let us also write [3 C = YfidX^ 1 and b c ,x,y for vector fields dual to (3 c ,X~ 1 dX,Y~ 1 dY. 
Then p+ = Y^xY + y and b c = YbdY' 1 + Y[y, /3 d ]Y" _1 . Thus the last three terms in the 
above formula can be rewritten as 

- tr(b d p+ - p+b d - Pd[p+, P+\) = - tr(b d y ~ yb d + bdY^xY - Y^xYb d 
-Pd[y,y]-0d[y,Y- 1 xY]-Pd[Y- 1 xY,y}-Y(3 d Y- 1 [x,x]] = uj+^YbdY^x-xYbdY- 1 



~Yp d Y- 1 [YyY-\x]-Yl3 d Y- 1 [x,YyY- 1 ]-YI3 d Y- 1 [x,x] s j = u}+-tr(b c x-xb c -(3 c [x, x}). 
Here uj+ = — tr(bdy — ybd — f3d[y, y)) , which, again as in (|], is equal to 

i=l 1 i<j r% r3 

For the remaining terms we observe that d/3 c is upper triangular and X _1 dX is strictly 
upper-triangular. Hence the remaining terms vanish and the complex-symplectic form on 
F n>m (c,cf) is given by: 

— Ad^-E g._/ +L7 A& --L K ._ K ■ ( 5 - 8 ) 

i=i Ul «j ft ^ i=i ^ i<j Kl K J 

6. TWISTOR SPACE AND THE METRIC OF F n>m (c,cf), fl> m 

First, we compute the twistor space of F n (m; c). Let C be the affine coordinate on CP 1 . 
The twistor space of any hyperkahler manifold admitting an action of SU(2) rotating the 
complex structures can be trivialized using just two charts £ ^ oo and C 7^ 0. For a moduli 
space of solutions to Nahm's equations this is achieved by putting 77 = /3+(a+a*)(— f3*( 2 , 
u = a- 0*( over C ^ 00 and fj = /3/C 2 + (a + a*)/( -/3*,u= -a* - /3/C over C ^ 0. 
Then, over ( ^ 0, 00, we have rj = rj/C, 2 , u — u — ry/f. Moreover, the real structure is 

C ' * -l/C, v - -v*/C 2 , u^~u* + r,*/( (cf. H |). 

We consider the matrix (4.5). We have 

Lemma 6.1. The (i,j)-th entry ofcxpBt/( is of the form ^l^(t/CY~ j + 0(t'' -J ' +1 ) for 
i > j > m. 
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Proof. We write (Bt/() k in the block form as 

(P(k) Q{k)\ 
\R{k) S(k)J 

One then checks by induction that: 

S ( k )(r,s) 

and similarly for the other blocks. □ 

Therefore the (m + l)-th column, denoted by p m +i of g _1 (i) exp{Bt / (} is of the form 
f-n-m-ip^ 0(t n ~ m ), for some vector p. This means that p belongs to the — (n — m — l)/2- 
eigenspace of Res u, and so is of the form aE n (E n is the n-th vector of the standard 
basis), for some constant a. Computing the i"~ m ~ 1 -term of the last entry of p m +i gives 
(Resr ? )"- m ~ 1 £; m +i(C n ~ m ~ 1 (™- m- 1)!) _1 = and so a = Thus, 

as in ( |4.4|) , u>i — ( n ~ rn ~ 1 p m +i is a solution wi(t) to -^wi = —uw\ with 

limf^"-™- 1 )/ 2 ^) - E n ) = 0. 

In the same vein we see that Wi(t) = C™ _m+1_2l p m +i, where p m +i is the (m + i)-th column 
of exp{Bt/(}. In other words g(i) = d(() exp{Bt / (}g(t) where 

^(0 = dia g {i, . . . ,i,r (n - m - 1) ,... ,& n - m -% 

Similar computations show that the real structure sends B to — r(£) (B*/C 2 ) r (C) _1 an d 
5 to r(C)exp{ J B7C}(3*)~ 1 where 



,0 if i + j ^ n + m + 1 

KU 1 (_ 1 )j-l^n+m+l-2i if i + j =n + m+ l. 



Now we consider the subset of F n (n;c), where the eigenvalues of /3(+oo) are distinct. 
We have assigned to each element of this set the pair (/3(+oo); g). We know that (3(+oo) = 
/3(+oo)/£ 2 - The argument in section 2 shows then that g = gexp{— c/3(+oo)/C}. The 
real structure sends g to (<?*) -1 exp{c/3(+oo)*/C}- 

Now we wish to calculate the twistor space of F n<m (c, c') for n > m. This space is a 
hyperkahler quotient of F n (m; 1) x F n (m;c— 1) x F m (m; c'). On the subset corresponding 
to the same chart as in section || (i.e. b = m and b' = 5 n ), the coordinates are given by 
/3(— oo), /3(+oo) and g such that (7/3(+oo)<7 _1 is of the form ( |4.5| ) with /i = /3(— oo). This 
g can be written as (<73) _1 <7i<?2, where gi (resp. resp. gs) is the 3 considered above for 
F n (m;l) (resp. F n (m;c — 1), resp. F m (m;c')). It follows that 

g = exp{ C ' / 3(-co)/C}( 5 3)- 1 d(C)exp{S/C}5i32exp{-( C - l)/3(+oo)/C} 

which can be rewritten as 

exp{c'/3(-cx3)/C}rf(C)(53)" 1 <?i52exp{-c/3(+^)/C}. 

Therefore 

g = exp{ C '/3(-oo)/CMC)gexp{-c/3(+co)/C}. 
We now compute the twistor space in coordinates Kt, . ■ ■ , K m ,v\, ... ,v m ,fii,... ,j3 n , 
Ui, . . . ,u n of section g. We know that Ki — Ki/C 2 and f3j — (3j/C 2 - The matrix g is 
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given by (5.3), where Z — LV 1 where L is described by (5.5) and V is the Vandermonde 
matrix for [3\ , . . . , /3 n . We obtain equations (here Vi — Vi — I and m = Ki — for i > to) : 

v^UjZij = exp{(c'K; - c(3j)/C,}di{C,)Zijvr l Uj. 



J/; — ^ i j 1 1 » < m and , = C^ 1 ~ /. y 



In addition Zij = Zij if i < m and = £ 2i 2 Zy if i > m. Hence 

!_ J exp{(c / K l - c/^/C}^ 1 ^ if i < to 

^ " J ~ |^-n-m+l eX p{-c/yCK r S if i > TO. 

As Uj = Vi — 1 for i > m, we finally obtain 



C-"- m+1 exp{- C ' Kl /C}^ (6.2) 



"■-C n - m+1 exp{-c/yCK-- (6-3) 



Finally, the real structure is computed as in 0|: 

m 

f3i»-M\ tx^nr^i/cr+^-V^n^-^^n^-^) ( 6 - 4 ) 

j^i i=i 

-» -Ki/c 3 , ^^«r 1 (i/o n+m " 1 e c ' Si/f n(^-^)Il(^-^) ( 6 - 5 ) 

We now have to calculate the real sections. First of all we have 

ft(C) = * + 2^C - ^C 2 for i = 1, • • . ,n, (6.6) 

/ti(C) = z n+i + 2x n+i ( - z„+iC 2 for i = 1, ... ,ra, (6.7) 

where pi = (zi, xi) eCxM are such that pi 7^ pj if i =/= j. These curves of genus should 
be thought of as spectral curves of individual monopoles. Let Si denote either /3, or Ki. 
Two curves Si and Sj intersect in a pair of distinct points a.y and a,ji, where 

yX{ Xj ) Vij 



(xi-xtf + lzi-ztf. (6.8) 

As in ||, if i,j < n, then has a zero at and is nonzero at a.y . Similarly, if i, j > n, 
then has a zero at aj; and is nonzero at ay. Let us consider what happens when 
i < n and j > n (and no other curves intersect Si at %,•). First of all, computing the 
characteristic polynomial of (|4.5|) gives plj]: 



det(r; — B) — detfo - ^(jf"" 1 - e^if-" 1 " 1 - . . . - ex) - f(r) - /i) a dj<7, 

(6.9) 

from which we conclude that fj- n 9j-n is zero at both ay and a^. This implies, since 
/j = w i/ris^i( K i — K s)i that Uj-„ is zero precisely when fj- n is zero. Now, if the passage 
from diag(/3i, . . . , (3 n ) to (4.5) is given by the matrix G of the form ( |5.3| ) with Z = LV' 1 , 
then Gj- njS = if s 7^ i and Gj- n ^i — vJ_ n Ui. This has two implications: 1) ttj is zero if 
and only if Vj— n is, and 2) gj — in (4.5). Hence, in this situation, Vj- n 0. Thus Ui and 
Vj- n are zero at exactly one of the two points of intersection of Si and Sj. Furthermore, 
since Kk(C) does not intersect at ay or ajj if k 7^ j — n or I 7^ i, we conclude that 

/fc5fc ^ at ay or aji if fc 7^ j — n. Thus Ufc(ay) 7^ and Vk(a,ji) 7^ for fe 7^ j — n. Since 
G(ay) and G(aji) are invertible we also have uj(ay) 7^ and ui(a,ji) 7^ for Z 7^ i. 
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Summing up, Ui(C), * < n, and i>i(C), 2 < m, are of the form: 



Ui 



(0=^11^-^)11^-^ 



(6.10) 



j>n 



Vi(0 = B i H (C- %+n,i+n) ]J(C Ci+n,j)e 



(6.11) 



j<m 



Here cy can be either ay or a,ji and is at present undetermined. The reality condition 
implies that 



AiAi = Y[( Xi - Xj + ry) Y[ (±(a 



j<n 



BjBj — 



ik 

j<m 



j'<n 



where the undetermined signs are positive if Cj 



and negative if c; 



By 



continuity, these formulae extend to the case when more than two Si intersect at a point. 

We can now compute t he m etric on F ntm (c,c') up to the above sign indeterminacy. 
This metric is of the form (2^) and it is enough to compute t he m atrix $. The complex 
symplectic form on t he tw istor sp ace is given by the formula (|5.8| ) and it follows from it 
that each factor in ( 6.10 ) (rcsp. ( 6.11 )) together with the corresponding factor of \Ai\ 
(resp. \Bi\) gives a separate contribution to $ (the coefficient of ( in the expansion 
of uj is the Kahler form uj\). The factors of Ui, indexed by j < n, together with the 
exponential term, describe exactly the twistor space of the Gibbons-Manton metric ( ^.2| ) 
with mass parameter — 1/c, as computed in Proposition 6.2 of p| , providing that the 
complex symplectic form is taken to be the first two terms of (£3^). Thus these terms 
contribute 



^ ] if . . 



j<n J 

to <&m, i < n, and 1/ry to $y for i,j < n, i ^ j. An exactly parallel statement holds 
for the factors of Vi indexed by j < to plus the exponential term. The remaining factors 
contribute terms in — A d/3i and — A dni . The calculation in the proof of Theorem 6.4 in 
|| shows that the contribution of these factors to the matrix $ are Gibbons-Manton-like 
terms with positive or negative sign. Thus we conclude that the matrix $ for F„ tm (c, c') 
is given by (2.3) with 




(6.12) 




if i,j<n or i,j > n . 
. (6.13) 
if i < n, j > n or i > n, j < n. 



Here ey = if cy = ay and ey = 1 if cy = . We shall eventually see (Lemma |9.6| 
that all ey are equal to zero. 
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7. The metric on f„.„(c, c') 

This space is the hyperkahler quotient of F n (n;c) x F n (n;c') x H" by the diago- 
nal action of U(n). According to section [| its complex charts can be described as 
(b-,(g,b + ),(V,W)) G b x (Gl(n,C) Xjy b') x C 2 ™ with gb+g- 1 = b_ + VW T . 

Our first step is to calculate the complex-symplectic form on the set where b = b' = 
5. Let us write (3^ — diag(/3j t ", . . . , for b + and (37 — diag(/3f, . . . , (3~) for 6_ on 
this set. The choice of our chart implies that (3f ^ (3^ and (37~ ^ (3J for i ^ j. In 
addition we suppose that (37 ^ (3j for all i,j < n. Then one of (37, (3^, say (37, is 
invcrtible. Since all components of W must be nonzero (otherwise the spectra of (37 
and are not disjoint), W is cyclic for (37. Consider the basis given by columns of 
{{Pd Wd ) n ~ 2 W, ... , W) T , in which /3" is of form Q (with m = 0) and W T = 

(0,0,... ,1). Thus, /3 + is also of form (4.5). We can therefore describe this chart as 
consisting of pairs ((g-,(37), (g + , /3j~)) with g^(37{g-)~ 1 and g +/ 3j~(<j + ) _1 both of form 
Q (with m = 0). We have g± = V(Pf, ... , (3±)- x diag(uf , . . . , The form w, via 
the complex-symplectic quotient, can be written as (b d ,p± are dual to (3 d , (g±)~ 1 dg±): 

u = - tv ( b dP+ ~ P+t>d ~ Pd\P+' P+\ + h d P- ~ P-^d ~ Pd\p-i P-\) > 
which can be computed as in (^] giving: 

fcr »r fcj t - ^ ». + # - 0} (7.i) 

We now wish to compute the twistor space of F nn (c, c'). We proceed as in the previous 
section. A calculation done there shows that the coordinates g,(3((,(3 d ( nere gf3jg~ 1 = 
[37 + VW T ) change from £ ^ oo to £ ^ as: 

0* = ^/C 2 , 9 = exp{c'/3 d -} 5 exp{- c/ 3+}. 
Moreover, since the twistor space of HP is simply O(l) ® C 2 ™, we have 

V" = v/c, w = W/C- 

We wish to pass to coordinates (if , uf,i = l,...,n. The passage from the basis in which 
(3 are diagonal to the one in which they are of the form (4.5) is achieved by the matrix 

H=(((37) n -'W,((37) n - 2 W,...,W) T . 

Thus <?_ = Hd and g+ = Hdg for some diagonal d. We have d = dexp{— c' (37} (d 
is <?_ in the chart in which 6_ is diagonal). On the other hand we have written g± = 
V(f3 1 , . . . , Pf)" 1 diag(wj t , . . . , uf). Comparing the two formulae in the two charts, we 
conclude that uf(Q changes from ( ^ oo to £ ^ as: 

u+ = e-^expi-cft/Ouf, i = 1, ... ,n, 
u7 = C 1 - 2 " eM-c'/3i/Qu7, i = 1, . . . ,n. 
The real structure is given by the formulae (6.4) and (6.5) with m = n, (3i = (3f , Ki = 

(3T~,Ui = u+,Vi = u7. 

We have to know what happens to the uf (Q when two curves (if (£) intersect. As 
in the previous section we write Si(Q = (3f{() = z% + 2x£ — z~i( 2 , S n+ i(() = (37 (Q = 
Zn+i + 2x„ + jC — z n+ iC, 2 , and we denote the intersection points of Si and Sj by atj,aji. 
These are given by the formula ( |6.8| ). 

Consider first the intersection of Si and Sj where both i and j are either less than or 
equal to n (and no other Sk intersect at , a,ji). We can still assume generically that the 
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spectra of (37 and (3f are disjoint and, hence, W is cyclic for (37 . Then H is invertible at 
ay , a.ji and so are g± . We compute, as in || , that each uf has a zero at the intersection 
point a,ji and is nonzero at ay, and all other uf, s ^ i, j are nonzero at both ay and ctji. 
The same argument works in the case when both i and j are greater than n. 

Now consider the intersection of Si and Sj where i < n and j > n. In the chart in 
which p~ is diagonal, we had gfijg' 1 = (37 + 7W T . Thus det(/3~ - /3+1 + VW T ) = 0. 
Since VW T has rank one, and so all its k x fc, fc > 1, minors vanish, we have for any 
diagonal matrix d = diag(di, . . . , d n ) the formula 

det(d + T/1V T ) = d fc + £ ( V* W fc JJ d, ] . (7.2) 

fc /c y z^fc y 

In our case dj = and dk for k ^ j. We conclude that V^-Wj- vanish at both ay and 
Oj-j. However both Vj and Wj are sections of O(l) and so have exactly one zero. Thus 
Wj vanishes at either ay or a,-j (and only one of them). Furthermore, if we consider the 
diagonal matrix d = p7 — /3~ 1, s ^ j, then, by the above argument, the non- vanishing of 
det(d+VW T ) implies that V^Wg does not vanish at either ay or ay L if s ^ j. In summary, 
it is precisely the j-th column of H that vanishes at either ay or a^j. Thus the same 
statement holds for both <?_ and g + , and, as g± = V(J3?,... ,/?±)- 1 diag(u±,... 
we conclude that both u^- and u^" vanish at either ay or a^j and no other vanishes 
at either ay or a^. This means that u~l is given by the formula ( J6 . 1 0| ) and u7~ is given 



by the formula (6.11) (with n — m). Once more, the formulae extend to the non-generic 
case. The remainder of the previous section can be now repeated word by word, and we 
conclude that the metric on F n<n (c, d) is of the form (|2.l|) with $ given by (p7|) where 



the Ci and sy are given by ( 6.12 ) and ( |B.15 ) 



8. Topology of F„, m (c, d) 

We shall discuss the topology of F„, m (c, d). This space can be viewed as a moduli 
space of solutions to Nahm's equations defined on (— oo, 0] U (0, +00) with the appropriate 
matching at 0. The tri-Hamiltonian action of T n+rn = T n x T m gives us the moment map 
to M 3 (g) R n+m which is simply 

((T 1 (+cx)),-T 1 (-oo)),(T 2 (+oo),-T 2 (-oo)),(T 2 (+oo),-T 2 (-oo))). 

Before stating the result let us recall that a basis of the second homology if 2 Wp(R 3 ), Z) 
of a configuration space C P (R 3 ) is given by the p(p — l)/2 2-spheres 

Sfj — { (xi , . . . , x p ) € R 3 <X) K p ; |xj — Xj | = const, x& = const if k ^= i,j} 

(8.1) 

where i < j. We have: 

Proposition 8.1. 77ie above moment map induces a homeomorphism between the orbit 
space ofF n ,m(c, d) and C n (R 3 ) x C m (R 3 ). The set of principal T n+m -orbits of F n ^ m (c, d) 
maps to C n + m (M. s ) and as a T n+m -bundle is determined by the element {hi, . . . , h n + m ) 
ofH 2 (C n+m {R 3 ),Z' l + m ) given by 



Sy 


if k = i 


— Sij 


ifk = j 





otherwise 



where the sy are given by (6.13) 
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Proof. Let us fix an element (r + , t~ ) of C n (R 3 ) x C m (R 3 ) . Identify t + with a regular triple 
(tj , 73 , T3 ) of diagonal n x n matrices and similarly t~ with a regular triple (r^ - , , ) 
of diagonal to x to matrices. As in Proposition 5.2 of p[ the space of T" +m -orbits mapping 
to (t + ,t~) can be identified with the set of solutions to Nahm's equations with Tq = Q 
and having values conjugate to (r + , — t~) at +00 and at —00. If n > to, this space is 
diffeomorphic to the hyperkahler quotient X of the product M(r 1 l ", T2 ,73 ) x F„(to; 1) x 
ikT (t-j~ 5 t^ - , Tg - ) by I7(n) x U(m), where the M's are Kronheimer's hyperkahler structures 
on G7(ti, C)/(T n ) c and G7(m, C)/(T m ) c §ej. If n = to, this space is diffeomorphic to the 
hyperkahler quotient X of the product M(t£ ,t£ ,t£) x H" x A/(rf , t 2 ~ , t 3 ~ ) by U(n). 

The first statement will be proved if we can show that these hyperkahler quotients are 
single points. First we show that the corresponding complex-symplcctic quotient, with 
respect to a generic complex structure / (i.e. one in which M(r x , r 2 , tJ^) are biholomor- 
phic to regular adjoint orbits), are single points. 

(1) n > 771. Let M(t^,T2,t^) be complex-symplectic isomorphic to the adjoint or- 
bit + of diag(/3^, . . . , /?+) distinct) and M(r-f , r^~, T;j~) to the adjoint orbit of 
diag(/3-f , . . . , /3~ ) (/3~ distinct) . First of all, the complex symplectic quotient of M{t± ,t% ,t^)x 
F n (m; 1) by Gl(n, C) can be identified with the set U of elements of + which are of the 
form fl4.5| ). Then the zero-set of the complex moment map for the action of Gl(m, C) on 

U x 0~ can be identified with the set Y of matrices of the form (4.5) which belong to + 
and such that h belongs to 0~ . We have to show that Y is a single orbit of Gl(m,C). 
Since the f3~ are distinct we can diagonalize h. Then the equation ( |6.9| ) shows that the 
ej's and the products fiQi are determined. Thus we obtain a single (C*) m -orbit. 

(2) 71 = to. We make the same assumption about the complex-symplectic structure of 
the two M's. The zero set of the complex moment map for the action of Gl(n,C) on 
0+ x 0" x C 2 ™ is the set {(a, 6, V, W) e 0+ x 0~ x C™ x C"; a = b + VW T }. Again 
we have to show that this set is a single orbit of Gl{n, C). Let us diagonalize b and use 
the formula (7.2) with d = b — rjl. Substituting (3~ for 77 shows that ViWi is determined, 
i = 1, . . . , 71. We obtain a single (C*) "-orbit. 

We remark that the above proof shows that the action of G c , where G c is Gl(n, C) x 
Gl(m,C) in case (1) or Gl(n, C) in case (2), on the zero-set of the complex moment map 
has closed orbits of the form G c /T c for some subtorus T of G. 

Thus, to prove the first statement, we have to show that the complex-symplectic and 
the hyperkahler quotient coincide. The proof of this requires a substantial detour from 
the main line of argument and will be given in the appendix A. Let us remark that 
Hurtubise's argument pi] for matching solutions to Nahm's equations on two (or more) 
intervals cannot be adapted to the case of two half- lines (in this case his Lemma 2.19 will 
not provide any information). 

It is clear from the description of the sections of the twistor space - formulae ( 5.10 ) 
and (6.11) - that the action is free precisely over C n + m (M. 3 ). To determine the principal 
bundle, one merely has to repeat the calculation in the proof of Proposition 6.3 in M. □ 



Corollary 8.2. The action fT n+m on F n . m (c, d) extends to the global action of (C*) n+m 
with respect to any complex structure. 

Proof. This is equivalent to showing that, if we fix ( e CP 1 , then the Mi(C) and Vj(£) of 



(6.1C) and (3.11) can take arbitrary complex values (with appropriate degenerations at 
the intersection points of the If, for example £ = 0, then the Zi are fixed and one 

solves for the Xi. One shows that a solution always exists and by the previous result the 
corresponding point lies in F n>m (c, c'). □ 
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9. Asymptotic comparison of metrics 

We consider the moduli space M mi! ... imjv _ 1 (/ii, . . . ,/j.n) of SU(N) monopoles with 
maximal symmetry breaking. We wish to compare the metric on F mi ,... , mjv _ 1 (/xi, . . . , /ijv) 
(whose Levi-Civita connection coincides with that on M mi) ... imN _ 1 (/ii, . . . , [an)) with the 
metric on F mij ... ^.^/ii, . . . , /ijv)- As discussed in Remark |3.3[ this space consists of 
solutions to Nahm's equations on the union of Ik where Ik = [/tfc, +00) U (—00, /Xfc+i] with 
matching conditions at the endpoints of each Ik . It will be convenient to write 

h = [[Mfe,Mfe+i]] 

and denote the "middle point" ±00 by oo^. We shall also use double brackets for any 
connected subset of [\ptk, Mfc+i]]- 

The space ,m N -i(pii ■ ■ ■ ,/ijv) should be thought of as consisting of m = mi + 

• • • + 771 TV— 1 particles with phases. The positions of particles are x^ = (x^ ,Re zf ,lm zf), 
i < TTik, k = 1,.. .N— 1, where diag(a;J, . . . = V^lTi(oo fe ) and diag(zf, . . . , *4j = 

(T 2 + V^lT 3 )(oc fe ). We put 

fl fe =min{|x£-x£|;*V j}. (9.1) 

Let us also write 

Z k =uan{\zf-z§\;i?j}, (9.2) 

and denote by ^...^(/ii,- - jM.iv) tne subset of i*^,... ,^-1(^1) • • ■ jRiv) where 
Zk > for fc = 1, ...,N— 1. This subset depends on the chosen complex structure 
(which is / in the case at hand). If we write for this complex structure, as in section |[ 
a for T + iT\, (3 for T 2 + 1T3, then we can define the subset F™f mw_i(Mii ■ ■ ■ > Mjv) of 
^mi,...,mjv-i(Mi) • ■ ■ jMiv) as the set of (a, (3) such that the eigenvalues of /3 restricted to 
the fc-th interval, k = 1, . . . ,N — 1, are distinct. 

We define subset [7(7, S, C) of Fm ly ... ,m N _ 1 (Mi> ■ ■ ■ > A*iv) as follows 



C/( 7 ,<5,C) = {x;minZ fe (x) > S, mini? fc (x) > C, C$( > 7lC| 2 VC £ R m }, 



(9.3) 



where $ is given by ( |2.3| )-(2.5) and 777 = n^k- 

We have canonical local complex coordinates on F^ m N -i (a*i> ■ • • j Miv) : 

(wi,...,w m ) :={z.f,u 4 fc ; i= l,...,m k , k=l,...,N-l} (9.4) 

where the u\ are given by the local C m -action, m = rnk- 

Let g,g denote the metrics on i^ 8 ^ N _ x {^i, ■ ■ ■ ,Hn) and i^f,...,^.^/^, ■•• ,m) 

respectively, and let £ be the product of symmetric groups nlLi 1 ■ We can now state 
the two main results of the paper. 

Theorem 9.1. The h yper kdhler metric on F^, mw_i ( M1j ■ ■ ■ , Mi v) is determined by the 

matrix $ of the form (|2.3|) with the Ci and Sij given by (2.4) and (|2.5| ). 



Theorem 9.2. There exists a complex- symplectic isomorphism <f> from 
^^....mw-iG"!' ■ ■ ■ 'Miv)/ S to F mf,.-,m N -i(^> ■ ■ ■ >Miv) with the following property: 



mi,... ,mjv- 



3-3 



Re Sijdwi ® dwj 



in coordinates (9.4). Then, for any positive y,5, there is a C — C(y,5) such that on the 



set 11(7,5,0) defined by ( |9.3| ) 7 we have 

v • 



D l S tJ \<Aie~ XR , 1 = 0,1,2,..., (9.5) 
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where R = min{i?fc; k — 1, . . . , N — 1} and A/, A > are constants depending only on 7, 5. 

Remarks . 1. For a possible generalization see the discussion at the end of the section. 
2. One can alternately use the coordinates given by positions and phases of particles 
and obtain a completely analogous statement. This follows at once from the explicit 
formulae for the metric and the twistor space of i^mi,... ,mjv_i(/*i, ■ ■ ■ iWv)- We see that 
the coordinate change map and its inverse have all derivatives uniformly bounded on 
{7(7, (5, C) (cf. §, section 13.F for the case of Taub-NUT). 



The proof of Theorems 3.1 and |9.2| will be separated into several parts. We shall write 
M for F™1 mN i ((n,... ,fj, N ) and M for F^ ihNi {^ ll ... ,fj, N ). As usual, we use 
the same letter to denote constants varying from line to line. 

Part 1: Construction of tj>. This is completely analogous to the SU(2) case. One 
goes via an intermediate moduli space Mj consisting of solutions (a, (3) to the complex 
Nahm equation which are constant and diagonal on each [\pk + c, /ifc+i ~ c ]] for some 
c < min{(/ife + i — /ife)/2; k — 1, . . . ,N — 1} and satisfy appropriate matching conditions 
at each /Life, modulo gauge transformations g(t) which satisfy the matching conditions of 



Remark 3.3. In particular g(t) = exp{hkt ~ pk} near oofe for some complex diagonal 
matrices for diagonal hk,Pk- The passage from Mj to M is given by restricting these 
solutions to the union of [[/ifc, {(J-k + Mfe+l)/ 2 ]] U [[fak + Mfe+i)/ 2 , Mfe+i]L viewing them as 
solutions to the complex Nahm equation on /U/v-i] and solving the real equation as 
in©. 

The map from Af to Mj/T, is defined by using a complex gauge transformation to make 
an element (a, 0) of M constant and diagonal on each \pk + c, /ife+i — c], cut off at the 
center of each interval and extend trivially onto [[/ifc, /ifc+i]]. 

The passage from M to Mj is given, as in section |], by making a solution constant and 
diagonal on each [[/Life+c, /ik+i — c]] by a complex gauge transformation with g(oofe) = 1 and 
<7(t) = 1 on each /ifc + c/2] U [/ifc+i — c/2, /ife+i]. The inverse mapping is given by first 
solving the real Nahm equation by a complex transformation which is exponentially close 
to exp{hkt — pk} near oofe for some diagonal hk,Pk- To see that thi s can be done we argue 



as follows (cf. 0). By the argument in the proof of Proposition 3T, we can first solve 



the real equation on each (pOk—i, /ifc) U (/ifc,oofc) by bounded gauge transformation gk(t) 



satisfying the matching condition at /ifc. Now, from Corollary S.2 and the definition of M 
as the hyperkahler (and so complex-symplectic) quotient of the F^ n ir ^{c, cf), we conclude 
that there is a global action of (C*) m on M. Using this action allows us to replace the gk 
by a gauge transformation g(t) which is exponentially close to exp{hkt — pk} near each 
oofe and which also solves the real equation. 

We still have to show that <p respects complex-symplectic forms. However, <fi was 
constructed using only a) complex gauge transformations, and b) restriction or extension 
of constant solutions. Both of these operations respect the complex-symplectic forms 
involved. 

Part 2: Estimates on solutions. We first obtain estimates on solutions to Nahm's 
equations. Recall that the biholomorphism <p was defined as the composition (j) — 4>2<t>i 
with 0i : M — > Mi and 4>2 ■ Mj — ► M. Let (a, f3) be a solution to Nahm equations on a 
half-line [a;, +00), with min{|/?ii(+oo) — f3jj(+oo)\;i =/= j} > 5 > 0. For any e > 0, we can 
assume that a and (3 are lower-triangular on [x + e/2, +00) (this is done as in Q: one can 
conjugate (3 to be lower-triangular on [x + e/2, +00) by a unitary gauge transformation; 



(4.1) implies then that a is also lower-triangular). Then the apriori estimates from section 



1 in show that 

K'(*)| + |/%(*)| <Me- XR ^ (9.6) 
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for i > j and t > x + e. Here R^ = | Re au(+oo) — Re Ojj(+oo)| + \0u(+oo) — f3jj(+oc)\ 
and M, A > are constants depending only on 5, e (and the Lie-algebra to which a, /3 
belong). For the diagonal part of a one has the following estimate (||, end of section 1): 

| Rea>u(t) - Re a>u(+oc)\ <K 

for all i and t > x + e, K — K(5, e). Then the real Nahm equation (4.2) gives 

j t (Rea u )<Mj2 R ij e ~ XHiit > 
i>j 

from which we conclude, that for all i and t > x + e, 

\Reau(t) -Rea i4 (+oo)| < Me~ XRt , R = rain Rij. (9.7) 

Notice also that we can use the gauge freedom to make Imau constant on [x + e, +oo). 

Now, fa was defined by a complex gauge transformation p(t), with p(oo k ) — 1 and 
pit) = 1 on each [/Xfc,/Xfc + c/2] U [nk+i — c/2, Hk+i], making a and (3 constant and diagonal 
on [[/ifc + c, /ife+i — c]]. Thus we conclude that {a, (3) = <fti(a,P) satisfies 



\&(t)-a(t)\ 



if t G \pik,Hk + c/2] U \pk+i ~ Mfc+i] 

0(exp{-Ai? fc t}) if t e [[nk + c,nk+i - c]], ^ 

and similarly for /3 and for the derivative of a. We now consider fa. After cutting off the 
solutions, we obtain a solution (ot,p) on [jm,/ijv] to the complex Nahm equation which 
satisfies 

F(a, 0) := ^- (a + a*) + [a, a*] + 0, $*} = 0( e - XR ). 
at 

We know from the work of Hurtubise that there is a unique element of G C /G such that 
any element g(t) in this orbit takes (&,$) to an element of M. We have 

Lemma 9.3. The gauge transformation g satisfies \g*g — 1| = 0(e~ XR ) uniformly on 

Proof. Using Lemma 2.10 in Jl3[ and a simple comparison theorem (Q, Lemma 2.8), one 
shows that the real equation can be solved on each \jjLk, Mfc+i] by a complex gauge trans- 
formation g k (t) with g k (n k ) = gk(Pk+i) = 1 and g* k g k uniformly bounded by 0{e~ XR ). 
Furthermore, near/i^, \g k gk(t) — l\ < (t— fik)ce~ XR and similarly near Hk+i- Therefore the 
derivative of g^gk at Hkj^k+i is bounded by ce~ XR . This shows that, while the resulting 
a does not satisfy the matching conditions at the /ifc, the jumps are of order 0{e~ XR ). 
Hurtubise shows in ]21j that one can now match the solutions by a unique (complex) 
gauge transformation g' . Since both (a, p) and g'(a,$) satisfy the real equation, Lemma 
2.10 in [|l3| implies that g'*g' is bounded by its values at the points fik- Let <p (resp. —ip) 
be the logarithm of maximum (resp. minimum) of eigenvalues of g'*g' ■ The proofs of 
Propositions 2.20 and 2.21 in J2l| show that the jumps A</>, of derivatives <fi and ip are 
of order e~ XR at each We then conclude, by going through the proof of Lemma 2.19 
in Q, that at each [i k we have <t>(jik) < cA0 + 0(e~ XR ) and ifrip-k) < cAip + 0(e~ XR ) 
for some c < (depending only on the fij). This shows that 4>{nk) and V'(Mfc) are both of 
order e~ XR which finishes the proof. □ 

Part 3: Estimates for the tangent vectors. Recall that a tangent vector to a 
moduli space of solutions to Nahm's equations is a quadruple to, . . . ts satisfying equations 
( |3.3| ). We shall write a = to+iti and b = fa+iia. Then the equations ( |3.3[ ) can be written 
as 

a=[a*,a] + \p*,b], (9.9) 
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b = \J3,a] + [b,a]. (9.10) 

If the moduli space consits of solutions defined on several adjoining intervals, then a and 
b also satisfy appropriate matching conditions at the endpoints. 

We shall need apriori estimates for solutions of the above equations in F n>m {c, c'). Let 
us write ((a - , (3~), (a + , (3 + )) for a representative of F„, m (0, 0) (and so of any F n<m (c, c')) 
and then x~,z~ (resp. xf,z^~) for the values of Kea~,/3~ (resp. Rea + ,/3 + ) at — oo 
(resp. at +oo)). Let us also write i? ± = min{|a;^ ~ x f\ + \ z f — ^ j}, Z ± = 

min{|^ — z^\;i ^= j} and S = min{{|a;~ — xj"\ + — zj~\}. We have 

Proposition 9.4. For any positive 6, e, v > there exist constants M, C, A > depending 
only on m, n, e, S, v with the following property: 

Let ((af~ , (3~), (ot + , be a representative of F n<m (0, 0) with > S > 0, S > 

v > and R + , R~ > C. If ((a - , b~), (a + , b + )) is a tangent vector to F nm (0,0) at 
((a", (3~), («+,/?+)) and 

A 2 = |a-(-oo)| 2 + |fo~(-oo)| 2 + |a + (+oo)| 2 + |6+(+oo)| 2 , (9.11) 

then for all t > e 

\a~(-t) - a"(-oo)| + \b~(-t) - b-{-oo)\ < Me- xirt A, (9.12) 

\a+{t) - a+(+oo)| + \b+(t) - b+{+oo)\ < Me~ XR+t A. (9.13) 



Proof. It is enough to prove the estimates for A = 1. We can assume, as in part 2 of this 
proof, that a ± (i), /3 ± (t) are lower-triangular for |t| > e/2. For the time being we consider 
onl y a + , fi + and we omit the superscript +. We choose C s o th at the right-hand side 
of ( |9.6[) is small compared to R^ 1 and the right-hand side of (9/7) is small compared to 
R^ 1 at t = e. Then, if we write y for the diagonal components and x for the off-diagonal 

(9.14) 



components of a and b, we obtain from equations (9.9) and (9.10) 

y = A(t)x, \A(t)\ < Me~ xm . 



On the other hand, if we differentiate the equations ( |9.9| ) and ( 9.10 ), we can write 
x = D(t)x + B(t)y, \B(t)\ < Me- xm , 3 S>0 V 2 Re(D(t)z, z) > s 2 R 2 \z\ 2 . 



Let to S [e, +oo] be the first point for which |x(to)| 2 + |y(^o)| 2 < |a(+oo)| 2 + \b(+oo] 



(9.15) 
I 2 < 1. 



Let X — s np{x (t);t € [to,+oo]}, Y = sup{y(t);t e [i ,+oo]}. Both X and Y are finite. 
Equation ( |9.14| ) implies that 

M X 

\y(t)-y(t )\<^. (9.16) 

Similarly, using (fu|) and a comparison theorem (the same argument as on p. 133 in 
0), one concludes that 

\x(t)\ < \x(t )\MYe~ XR ^ to) (9.17) 

From this, changing C if necessary (i.e. taking large r R), w e conclude that there this a 
const ant P such that X + Y < P. Using again ( 9. 14 ), ( 9. 17 ) we obtain that the estimate 
( 9.13 ) holds for t > to. This implies that 

» + oo 

(|a+(t)| 2 + \b + (t)\ 2 - |a+(+oo)| 2 - \b+(+oo)\ 2 )dt < p, (9.18) 

to 
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where p = p(n, 5, e) and can be made arbitrarily small by changing C (recall that A = 
1). We also have that for t £ [e, to] the expression under the integral sign in ( |9.18 ) is 
nonnegative. We can do exactly the same for a~, /3~ , a - , b~. Let sq denote the negative 
number with the same properties as to. We now compute the length L of the vector 
((a _ ,fr~), (a + ,6+)) in the metric of Ft n m )(e, e). We can write (cf. (|3.5|)) (the fact that 
below we have an inequality, rather than equality, stems from the fact that, for n — m, 
there are additional (positive) terms): 



L 2 > I (\a-(t)\ 2 + \b-(t)f)dt + ^ (\a + (t)\ 2 + \b+(t)\ 2 )dt 

+ [ \\a-(t)f + \b-(t)f-\a-(-oo)f-\b-(-oo)f)dt 



(\a + (t)\ 2 

(|«-(i)| 2 + i/> [if- a -(-x.l-'-l/- (-x 



b+{t)\ 2 - |a+(+oo)| 2 - |6+(+oo)| 2 )dt 

)\ 2 )dt 



+ 00 



(|a+(<)| 2 + |6+(t)| 2 - |a+(+oo)| 2 - \b+ [+oo)\ 2 )dt. (9.19) 

Each of the first four lines is positive, while the last two have their absolute value bounded 
by 2p with p as small as we wish. Let us write T for the sum of the third and fourth line. 
It follows that T < L 2 + 2p. The explicit formula for the metric on F n>m (c, c') found in 
sections ^ and [7] implies that L 2 < P, where P > depend s only on m, n, e, u, S (notice 
that this bound is independent of the actual value of in ( |6.13 )). Thus T < P' . Now, 
if both to an d —so are smaller than 2e, then we are done (by replacing the original e with 
2e). Suppose that to > It. Since the integrand in the second and third line is nonnegative, 
we conclude from T < P' that there is point t-j S [e, 2e] with |a+(ii)| 2 + |b + (^i )| 2 < P'/e. 
We can now repeat the arguments after ( 9.1 5| ) and conclude that the estimate ( |9.15 ) holds 
for t > 2e. We can deal similarly with the case so < — 2e. □ 

We shall also need the following strengthening of the last result: 



Lemma 9.5. With the same assumptions and notation as in Proposition 9.4, we can 
replace the estimates (9.12) and ( 9.1 3| ) with: 



!%•(-*)! + < Me- XR ^A, \a±(t)\ + \ 



b±(t)\<Me 



-\R + .t 



A. 



for all i 7^ j and t > e. Here R.f, = \xf — xf\ + \z 



Proof. We d iffere ntiate the e quations (9.9) and ( 3.10 ) and proceed, as in Proposition 3.12 
of §) using (|9~i~2l) and (^13|) . □ 



Part 4: Proof of Theorem 9.1. From its definition in section E| Fmi,...,mjv_i (a*i, 
is the hyperkahler quotient, by a product of tori, of the product 



F mi (ci) x F m2 , mi (c2,c' 2 ) x ••• x F, 



mjv_i,m N _ 2 ( C JV-1) c 'n-i) X Fm N (c' N ) 

N — 1. The matrices $ for each factor are of 



where 



■ Cj+i = - Mi) i = !> 
the form (2.3) with the stj given by (6.13) (for the first and last factor, the metric is the 



Gibbons-Manton metric given by (2.2)). On the hyperkahler quotient these matrices are 
simply added together (after viewing each of them as a submatrix of an m x m matrix, 
m = mi + • • • + tojv_i). Thus the result is proved as soon as we show that all of ( |6.13 ) 
are zero. Let us show this. 
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Lemma 9.6. In the formula (6.13), all are equal to zero. 



Proof. Suppose that this is not true. Let us write the norm of vector v tangent to 



F{n, m) (1) 1) a s in the formula (9.19) with e = to = —sq = 1. From the estimates ( |9.12|) 



and ( 9.13] ), it follows that ||w|| 2 > — MA? /R for a constant M depending only m,n,S and 



v. Here R = min{i? ,R + }- Thus, for a sufficiently large R, \\v\\ 2 > —pA 2 , A defined by 
11), with p as small as we wish. However, if any = 1, then we can find a point x in 



i*V„, m )(l, 1) with S = S'(x) > v and R arbitrarily large such that there is a tangent vector 
v at x with ||v|| 2 < —cA?jv for some c = c(n,m). This contradicts ||w|| 2 > — pA? and so 
the lemma is proved. □ 



Part 5: Proof of Theorem |9.2| . 

In appendix B we prove a general theorem we allows us to reduce the estimates to 
one-sided estimates on the metric tensors. This is so because the asymptotic metric is 



quasi-isometric to the flat metric in coordinates (9.4). This last fact follows from the 
explicit formula for the metric and the twistor space (cf. Remark 2 after Theorem 9.2). 
Thus we only have to show that 

4>*9 < (l+Me~ XR )g (9.20) 
in the region 17(7, C) f° r some C, M, A > depending only on 7, 6. Once we have this, 



we apply Theorem [B.l| (and Remark B.2) to the region where R > Ro and obtain that 
the estimate (9.5) with R = Ro, Ro arbitrary, holds in the region where R > Rq + 1, 
in particular for all points with R = Ro + 1. Since Ro is arbitrary this will prove the 
theorem. 



Therefore we are going to show ( |9.20 ). We start with a vector (a, b) tangent to 



£7(7, S, C), where C = C{~y,$) is determined by the validity of estimates below. Since 
7 > 0, the met ric i s positive-definite and, furthermore, quasi-isometric to the flat metric 



in coordinates (9.4) or the coordinates given by positions and phases of particles. Let us 
assume that the norm of (a, b) is 1 in this metric. Then y^,(|a(o ofc)| 2 + |b( oofc)| 2 ) < B, 
where B depends only on 7. We also have estimates of the form ( |9.12| ) and ( |9.13|) : 

|a(t)-a(oo fc )| + |6(t)-6(oo fc )| <Me~ XRkt B if t G [\ji k + e,fi k+1 - e]], 

(9.21) 



as well as the stronger esti mate s of Lemma 9J3. Also, by writing the metric as in (9.19) 
with e = to = c and using ( |9.21 ), we get 



N 

E 

k=l 



(\a(t)\ 2 + \b(t)\ 2 )dt< MB. (9.22) 



The left-hand side includes the sum of Euclidean norms of pairs of vectors Uk,Vk which 
give us the matching conditions for (a, b) at pk in the case when rrik-i = nik- 

Recall that the map 4> was a composition of a <j>i and </>2- The map <pi was given by 
a complex gauge transformation p(t) which from part 2 of the proof can be uniformly 



estimated by 0(e~ XRt ). Therefore, after we conjugate a,b by p, they still satisfy fl9.2l| ). 
Moreover we have |||(pap _1 ,p6p _1 )|| — l| = 0{e~ XR ). In order to obtain the vector 
d(f)i[(a, b)j, one has to make pap -1 and pbp~ x constant and diagonal on each [[pk + 
c, /ifc+i]] (c is defined in part 1) by an infinitesimal complex gauge transformation pi (with 



pi(cx)fc) = etc.). From the estimates (9.21) and of Lemma |9.5| on pap and pbp , this 



changes the norm of p(a, b)p 1 by something of order e XR . Furthermore the L 2 -estimate 
2^) holds for d(j)i(a,b). At the next stage, we restrict d(j>\(a,b) to [p\, . . . , pn]- Since 



61 (a, b) is constant and diagonal on the union of [[pk + c, pk+i- c ]], its norm in the metric 
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g is the same as the norm of the restriction (d, 6) in the metric g. Now we conjugate 



(a, b) by the complex gauge transformation g(t) of Lemma 9.3. Using the estimate of that 
lemma and the estimate ( |9.22| ) for (a, b) we conclude that 

WKgag-^gbg-^W - l| < Me~ XR , (9.23) 
for some M, A > depending only on 7 and 8. The vector (gag" 1 , gbg" 1 ) solves the 



equation ( 9.10 ) but not (^E). This is the final step: we obtain the vector d(j)(a,b) by 
acting on (gag" 1 , gbg" 1 ) w ith a complex infinitesimal gauge transformation, so that the 
resulting vector solves ( |9.9| ). However, the equation fl9.9| ) is the condition of orthogonality 
to complex infinitesimal gauge transformations and, hence, the norm of the vector d(f>(a, b) 
is not greater than the norm of (gag -1 , gbg" 1 ) . This and ( |9.23 ) proves ( 9.20 ), and so, by 



the discussion above, also Theorem |9.2| □ 

As remarked after the statement of the above theorem, there is a likely generalization 
of this result. Suppose that it is only particles of a given type, say that separate 
(recall that the type of particle i is the smallest k for which i < m^). Then the metric 
on F a (fi) = f mir .. ! mj V -i(/ i i,-- - ,/ijv)) should get close to the metric on Fg-(fi), where 
d(k) = rrik if k =/= io and 5(ko) = rhk . Similarly, if the particles of types ki,...,k s 
separate, the metric should be close to the metric on Fg-(fi), where d(k) = if k ^ 
fci, . . . , k s and <y(kj) — m^. , for j = 1, . . . , s. All of these moduli spaces have dimension 
4(mi + . . . +mjv-i)- In general the metric on F^(fi) will be simpler than the one on F g (ijl) 
(it has a tri-Hamiltonian action of a (Xa=i rau i )-dimensional torus), but it is only in the 
case when {hi, ■ ■ ■ , k s } — {1, ... , N — 1} that the metric is algebraic. 

Finally we sh all discuss the topology of the asymptotic moduli space. First of all, from 
Proposition |8.l|, the orbit space of Fm 1 ,...,m N - 1 (^i, ■ ■ ■ , Hn) is Jl (^ 3 )i an d so particles 
of different types can take the same position. Now recall from section || that the type t(i) 
of the particle i is defined as minjfc; i < X^<fc m s}- It follows easily from Proposition 
that the set of principal orbits of T m , m = mi + • • • + tun-i, on Fm 1 ,...,rh N - 1 (^1 , ■ ■ ■ , Hn) 
is a bundle P over 

C*={(x 1 ,...,x m )eM 3 ®M m ;|i( i )-t(j)|<l =► xi^xj}. 

The basis of the second integer homology of C is given by the spheres defined by (|8.l| ), 
where now i,j run over the set {(i,j);i < j and \t(i) — t(j)\ < 1}. As in Lemma 7.1 in 
we obtain that the bundle P is determined by the element (hi,... , h m ) of H 2 (C, Z m ) 
such that 

Sij if k = i 
hk(Sij) = { -Sij if k = j 

otherwise, 



where the Sij are given by (2.5) 



Appendix A. Complex-symplectic vs. hyperkahler quotients 



In order to finish the proof of Proposition 8.1 we have to show that certain hyperkahler 



and complex-symplectic quotients coincide. This question reduces, on the zero-set of 
the complex moment map, to identifying the Kahler quotient with the ordinary geometric 
quotient, i.e. to showing that all orbits of the complexified group are stable. The following 
useful criteria are given in |l8| , Lemma 3.3, and |Q, Sections A. 1.3 and A. 2. 3. 

Proposition A.l. Let H be a connected closed subgroup of a compact semisimple Lie 
group G and suppose that M = G c /H c is equipped with a G-invariant Kahler form u> 
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defined by a global G -invariant Kahler potential K {or w. Then the single G -orbit M is 
stable if and only if K is proper. 

Proposition A. 2. Suppose that the complex torus M = (C*) n is equipped with a T n - 
invariant Kahler form lu. Then: 

(i) The T n -action is Hamiltonian if and only if there exists a global T n -invariant Kahler 
potential K for uj; 

(ii) If K has a quadratic growth at infinity, as a function on K n where (C*) n = T"e R , 
then M is stable. 

In order to use these criteria we shall view the spaces involved in the proof of Proposition 
as hyperkahler quotients of simpler manifolds. 



Recall that, for a regular triple (ti,T2,ts) of n x n diagonal matrices, M{t\,T2,t^) 
denotes Kronheimer's hyperkahler structure on Gl(n,C)/T c (T is the diagonal torus in 
U (n)) with the cohomology class of a;, equal to r,, i = 1,2,3 (after identifying H 2 (Gl{n, C) /T c 
with Lie(T)). We have 

Proposition A. 3. M(t\,T2,Ts) is isomorphic to a hyperkahler quotient of a flat quater- 
nionic vector space by a product G of unitary groups. With respect to generic complex 
structure the action of G c on the zero-set of the complex moment map is free and its orbits 
are closed. 

Proof. Kobak and Swann ]2q] show how to construct nilpotent orbits as hyperkahler quo- 
tients by a product G of unitary groups. Changing the level set of the moment map, from 
zero to appropriate values, gives a hyperkahler manifold N which, with respect to a generic 
complex structure, is isomorphic, as a complex-symplectic manifold, to M(tx,T2,Ts) (if 
the levels of the complex moment map for the abelian factors of G are ti, . . . , t n -i, then 
the resulting orbit has eigenvalues 0, ii, ti + t2, ■ ■ ■ , (ti + — + £ n _i)). As a Riemannian 
manifold, N is complete and the uniqueness result of |Q shows that TV ~ M{ti,T2,ts) as 
hyperkahler manifolds. 

The flat space which we start with can be viewed as a space of matrices and the second 
statement follows by putting the products of matrices defining the zero set of the complex 
moment map into the Jordan normal form. □ 

We can finally finish the proof of Proposition [0|. We considered there a hyperkahler 
quotient X of the product of two M(ti,T2,ts)'s and of either H" or of F n (m;l). By 
the above proposition, X can be viewed as a hyperkahler quotient of either an M p (when 
n = to), for some p, or of the product of W and of F n (m; 1) (when n > m). Furthermore, 
the complexification H c of the group H by which we quotient acts freely and with closed 
orbits on the zero-set of the (generic) complex moment map. In addition the usual Kahler 
potential K\, given by the square of the distance from the origin, on <C 2p ~ W is proper 
and Sp(p)-invariant. Moreover it has quadratic (in fact exponential) growth on any closed 
orbit of a subtorus of Sp(p, C). 

Since the H -orbits are closed on the zero set of the complex moment map, Propositions 



A.JJ and |A.2| show that all these -orbits are stable for n = m. 

The space F n (m;l) also has an (U(n) x C/(m))-invariant Kahler potential for any 
complex structure. This is a general phenomenon for hyperkahler manifolds with an 
£[/(2)-action rotating the complex structures, see |pof . For the complex structure I this 
Kahler potential is given by: 

k= fiwmw + w^t^dt. 
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Since the factor (U(n) x U(my\ of H is acts diagonally on H p x F n (m;l), the Kahler 
potential K 2 on each orbit of Gl(n, C) x Gl(m, C) is the sum of the restrictions of K\ and 
K . Since K\ is proper and has quadratic growth on each closed toral orbit and since K 
is positive, it follows that K 2 is proper (on each orbit) and has quadratic growth on each 
closed toral orbit. Thus the complex-symplectic quotient coincides with the hyper kahler 
quotient in this case as well. 

Appendix B. A comparison theorem for Ricci-flat Kahler metrics 

Our goal is the following theorem, which, under certain assumptions, reduces the com- 
parison of Ricci-flat Kahler metrics and their derivatives to one-sided estimates on the 
metric tensors. 

Theorem B.l. Let V be an open subset of a Ricci-flat Kahler manifold (M,g) and sup- 
pose that there exists a biholomorphic map <fi from a domain U in C m onto V such that <p*g 
is bounded uniformly in the Euclidean metric onU by a constant C and that (j)*oj m = e^ui™ 
with f bounded uniformly by a constant K (here lj,uj are the Kahler forms on X and on 
C n ). Then, for any r,S>0, there exist constants = A^{m, C, K, r, S), k = 0, 1, 2, . . . , 
with the following property: 

Let (M',g') be another Kahler manifold and ip : M — > M' a volume-form preserving 
biholomorphism such that ip*g' < (1 + e)g, uniformly on V , where e < S. Let us write 
4>*(ij)*g' — g) = Re Sijdzi (8 dzj. Then, for any i,j<m and any k > 0, 

\D k S ZJ \<A k e (B.l) 

uniformly on the set {z € U; dist(z 1 dU) > r}. 

Remark B.2. In hyperkahler geometry the conditions on the volume- form are very natu- 
ral. Namely, if M is hyperkahler with the complex-symplectic form £1 = g(J , ) +ig(LJ , ) 
and 4>*Q. is the standard complex-symplectic form on C 2n , then <j)*uj 2n = Wq™, so that 
we can take K = in the theorem. Similarly, if M' is hyperkahler and ip respects the 
complex-symplectic forms, then ip respects the volume forms. 

We also remark that the assumption that <p* g and ln(w m /u;™) are uniformly bounded 
is equivalent to (j) being a quasi-isometry, i.e. to existence of a constant B such that 
B~ 1 go < (j)*g < Bgo, where go is the Euclidean metric on C m . The fact that one-sided 
estimates on the metric plus estimates on the volume form give two-sided estimates on 



the metric is trivial but, given Remark B.2, worth stating separately: 



Proposition B.3. Let (M,g),{M' ,g') be two oriented Riemannian manifolds of dimen- 
sion n and let ip : M — > M' be a volume-form preserving diffeomorphism such that 
cj)*g' < Bg. Then B 1 '" g < <f>*g'. 

Proof. Choose a point m € M and local coordinates x\, . . . , x m so that g m = ^2 dxi ® dxt. 
Write (4>*g') m = ^Xijdxi <g> dxj. Then the assumptions imply that detA" = 1 and 
C T ^C ^ B f° r a U C £ H£ n - Since X is symmetric and positive-definite we can diagonalize 
X by an orthogonal matrix and conclude that ( T X( > B 1 ~ n Q T C > for all ( € M". □ 

Proof of Theorem |B.l| . We write 

m m 

4>*g = Re ^ z ijdzi ® dzj, <f>*^*g' = Re ^ z 'ij dz i ® dzj ( B - 2 ) 

for hermitian Z, Z'. Let us fix an r, so that we have to estimate the derivatives at points 
z such that B(z, r) C U. We can assume, without loss of generality, that U — B(0, r) and 
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estimate the derivatives at the origin. Since -B(0, r) is strictly pseudo-convex, there are 
smooth real- valued functions $,<£>' such that 3> Zi f 3 = and ^' ZiS - — Z[y In general, we 
shall write L{u) for the complex Hessian (Levi form) of a function u. Both $ and 

$' satisfy the complex Monge- Ampere equation 

det L(u)=e f . (B.3) 

Since M is Ricci-flat, / is a polyharmonic function. In particular all derivatives of g = 
have uniform bounds depending only on the bound K for /. We need the following 



Proposition B.4. Let u be a pluri-subharmonic solution to (B.3) in B(0,r). Then, for 
any k > 0, 

\\L(u)\\* k <B k , 
where B k depends only on m,r, \\L(u)\\o and \\f\\k+2- 

Here || ||fe and || ||£ denote, respectively, the C fe -norm and the interior C fc -norm (see |Q, 
formula (4.17), for the definition of the latter). 



Proof. Let B = |L(w)||o. Since det L(u) = e? , we have (as in Proposition |B.3j ) positive 
constants A and A depending only on to, B and ||/||o such that 

ACC < (*L(u)( < ACC 



for all C G C TO . Thus the equation ( |B.3| ) is uniformly elliptic with respect to u. Using 
the estimates on a solution of 9-problem (see, for example, ^4|), we see that there is a 
smooth real-valued function u' with L(u') — L(u) and ||u'||o < ^^^(w)^ for a constant 
C = C(r). Therefore, we can assume from the beginning that u is bounded by some 
Co depending only on m,r and ||L(u)||o. We now claim that there are constants C\ and 
a > 0, depending only on to, r, A, ||/||2 such that the following Holder estimate holds 

l|i(«)lla < Ci (B.4) 

The proof of this is essentially the same as the proof of (17.41) in Jl4| (applied to the 
equation logdetL(u) = /), but using the Hermitian analogue of Lemma 17.13 in |Q. 
Once we have this, we obtain inductively estimates on all derivatives of u by treating 



the equation (B.3) and its successive linearizations in all directions as uniformly elliptic 
second-order linear PDE's (with the coefficients of second-order derivatives given by the 
adjoint matrix of L(u)). The desired estimates follow from standard Schauder interior 
estimates. □ 

To finish the proof of Theorem |B.2| , we write the equation det L($) = det L(&) as 

F(L($ -$'))= (B.5) 

for a linear function F. The coefficients of F depend only on L(Q) and L(&'). The 
function F is uniformly elliptic in 5(0, 3r/4) with ellipticity constants depending only 
on to, r, C, K, 8. Moreover, by the previous proposition, the derivatives of coefficients 



also have bounds depending only on these constants. From Proposition B.2, v = <P — $' 
satisfies L(v) < Pe for some constant P, and, as in the proof of Proposition B.4, we 
can use estimates (e.g. |24|| ) on the solution of 9-problem to conclude that there is a v' 
with L(v') — L(v) and ||w'||o < P'e- We now obtain the estimates on all derivatives of 



v' from the Schauder interior estimates applied to the equation (B.5) and its successive 



linearizations in all directions. □ 
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